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Bs Grewal : 2.13 to 2.15
,
28 - 9

ORTHOGONAL BASES Gilbert : 3- 4
,
5. I
, 5.2

A basis consisting of mutually orthogonal vectors

orthonormal BASIS

A basis consisting of unit length, mutually orthogonal vectors

Q1
. Is {(0,27

,
(2,0 ) } orthonormal basis ?

[ 0

23120 ) = O → orthogonal

length €1 ⇒ not orthonormal

ORTHOGONAL MATRIX

• A matrix with orthonormal columns is called Q

( m z n)

° If m=n
,
the matrix is orthogonal

properties of Q

1 . If Q (square or rectangular) has orthonormal columns
, then

QTQ = I

e. a. fait. . .
. a.f÷:

-

gn
T -



QTQ -

- fai? , aim
- - - atom)

qntq , 9nT9z - - ' 9nT9n

t : : : : : "

2 . An orthogonal matrix is square matrix with orthonormal

columns
,

QT -- Q
- I

3 . If Q is a tall matrix
,

QT -- left inverse of Q

QTQ = I

4. Multiplication by any Q preserves the length

Hall = 11 Qu 11

5
. Q preserves inner products and angles

(Qu)
't

Cay) = at QTQ y = xty



6 . If q , , qz . . . qn are orthonormal bases of Rn then any
vector b in Rn can be expressed as

b. = Kiq , t Xzq, t . . . t ncnqn
→ (11

To solve for x , , multiply 47 by q,T

qtb = 24979 ,

x
,
= 9.Tb = gib

919T

x
,
= gib ← projection of b onto q ,

b - (gib) q , t (qztb) ga t . .
- t Cqntb) qn

Rectangular Matrices with orthonormal columns

If Q has orthonormal columns
,
least squares solution becomes

easier

Qx -- b where b Ef CCQ)

Recall least squares solution:

QTQ I = QT b

II -

- QT b

I -
- QT b



GRAM- SCHMIDT PROCESS

Process of converting linearly independent vectors into a set of

orthonormal vectors

consider three linearly independent vectors a. b. c. The

set of orthonormal vectors : 9 , , 92,93

i
9 , = a

b 92 9 , >
a Hall

r r
,

B = b - (q:-b)q ,
projection

g. (gib) , I > Y
↳

of b on q ,
←

'

v93 qz = B-

✗
L 111311

✓
C

C = c- (gate)q2 - laic)q ,
Projection of b onto a

93 = C-
p=aatb_ 11cm

ata

If b is not 1- to a
,
the projection of b onto a

must be subtracted to form an orthogonal vector to
a



Q-RFACTORISATION

If Amin is a matrix with linearly independent columns ,
then A can be factorised as

Amxn = Qmxn Rnxn

Where Q is a matrix with orthonormal vectors

(constructed using Gram - Schmidt Process) and R is an

upper triangular and invertible matrix)

If A -- ( ly ly t )
we express a ,b , c as linear combinations of 91,9 , and qz

a -- Canta)q ,

b -- CET b) q , t cqztbyq ,
← 93 tab plane

( = (g.Taq , + Cqzt qzt Cgi c)93

amxi-ftyf.ly/lE
"

:O's :÷÷ )
-
-

Qmxn Rnxn



In general,

III. titty. . . I "÷:÷÷ : : :
'

O O - - - 9.mtg

system is Inconsistent - Least squares method

A- x -- b where b ¢ CCA)

AT A I = AT b

(QRTQRI -

- CQRTB

RT QTQR I = RTQT b
↳ I

RT R I = RT QT b

Ris square matrix ⇒ multiply by CRTs
"

RI -- QT b



is. - Leta.

r. ;§ )
x
-

- fr;] y
-

- fir]

verify that

i) QTQ = I

Lii ) 11041 -

- Hall
, HQYH = llyll or Q preserves length

ciii>4Qx5Qy) = xty

in a" 155 %] " (
"

II. If;]
Q' a- [

'"
o

"" fam,"" )
-

- [ 'of]

*

any:b: : yr:3 .fi:1 -

- fit
11 Qxll -- 9-111-1 = 11

" all = 2+9 = 11



ar- f
'

¥;] I II --H
H Qyll = I -149-14 = 54

Ily 11 = 18 -136 = 54

His 4QxTQy) = xty

(QxTQy = aty

[ s - I 13

fly ] = U2 3) I -36k ]

[3-17+2] -

- C - 6 -118]

[ 12 ] = [ 12]

03. Find the orthogonal basis spanned by a set of vectors

A = L2
,
-5
,
D
,
b = (4 , -1 , 5)

a . -- ÷.
-
- hi:S't :

-

- to

B -- b - Cq,Tb7q , =/ ) - (8-15-15 of} )



B--1¥ ] -1%1*1%1=1%1%-1?;-]

B=|f¥¥ ) 111311 = (145)441-4455

=

15¥

111311 = 2M¥
b. = ,,By, ,

= ( 14/5
,
2
, 22/5) ✗ 5

25

9. = -2¥ 't ]
22

04 . Apply GS Process of Orthogonalisatin to the vectors

a -_ (1) 0,17 , b = ( 1,0 ,
- 1)

,
C = (0,3 , 4) to obtain an

orthonormal basis 91,92, 93

9 , = a
Fan

= "
' 911 =/¥;]
2

B = b- (gib) 9 ,



-

- H -
ur own %: )

B = ( I
,
] - o

ou
-

-Yf =

C. = c - Cq ,Tc) q ,
- Cgi c)

92=11,1- tyranny ;] f : - Uno -yrs

-

- 1%1 - art " + are

-

- l ! ) -if + fed
c-

- f :o)
93

= ¥, ,

= ( I ]



" A -

-

f ! ! ! )
- fiefdom "

a.

'

%
's this:Fah, .ba

"'s

£ I { Then write A as QR

a = ( I, O , O)

area ,
=L !)

B -- b - out b) q , = ( 2g ) - Cl 00 ] f} ) (
'

g )
=L:/ .

-

- fog ]
⇒ a. -- f;]

c -- c - Cq ,Taq ,
- Cqztc ) 92

-

- IFI -411-491--111
93--11 )



A -- Q R

R = QTA

" l 's : :X : :O
.
't

a- l ! ! It
06 . Use GS Process to find a set of orthonormal vectors

from the independent vectors

9 , = ( 1,0 ,
l)
, 92=(1,0/0) , Az = (2,1 , O)

Also find A -- QR

Let orthonormal vectors be oh , 92 , 93

a- ÷i
-

- att
-

-

liq: )
Az = az - Cqiaz) q ,

= ( I , 0,07 - yrzcyrz , 0,452)

i:H



a. = "" i: :;!"
-

- r

f.
-

-

fiery
-yrz

Az = as - CqTaz)q , - CqTaz)qz

=L ! ) - air.Y
'

team
-yrs

=
.

-HI
-

- l ! )
as

-

-

Ffa
,
" =L ! )

÷÷÷÷÷ . . in.
A-- QR



QTA -- R

r.- 1¥. : '
o

.
: ;]

=

"

For.
"
.

r -

- IE "In ! )
07. find a third column so that the matrix Q

"

Iffy
,
I ]

is orthogonal

Assume Guy,z) is third column

null space t row space

a-- fitr:
'

%
. -34,441111

-

- I :]

R,→ BRI

✓
Rz → fly R2



c : i

. i'll ; fool
✓
Rz→ R2-R,

c : i :c :3

one free variable 2 → infinite solutions

can assume any value for z

Let 2=1

x t y
- l -- o ⇒ x = I-y

→ a)

k t 2g -13=0 =) a =-3
-

2g
→ CD

Cl ) Ee (2)

I -y = - 3 - 2g

Ly -y =-3
- I

y = -4 ⇒ x = 5

-

'

. Cx ,y ,2) = (5,-4 , I)
25716T



'Ent! )
" '

E'¥
.

Qs . find an orthonormal set q, ,q, ,q,
for which q, 492

span the column space of

"

f:
'

;]
d)Which fundamental subspace contains gas ?

di) What is the least square solution of Ax -- b if

b= (0,3, O) ?

or .
-

- "

if .
" -

-

%! )
B -- b - Cgi b) g , =/} ) -

(43+2+2/3)

µ,})
-

- ftp.t.tl



92=10 - t ) =[§ry
,
)

d) Left null space

at
-

- ( I } ? ] aty -- o

Cissy;]
-

- c :]

Rz -7 Rz - R,

iii. ④
Let 2=1 (free var)

x -12g -12=0

y - 1=0 ⇒ y
-

- I

2+2-12=0 ⇒ 2=-4

a.
-

-
"'

ri's '
" -

- LIYE:]



in least square solution

b= (0,3, 0)
AÑ=b

RI = Qtb

Qtb = [ 43 2/3 43
o yn - yn

] / I ]
-

- [ 3Mt

r=ñA=[
' I} 4,2 ¥É[{ I ]

=L : :]

[1%745]=1%+1
Rz -7 V2 R2

u

[303717g ] [ } ]



2g =3 ⇒ y
-

- 3/2

32 -19/2=2

3 x = - 5/2

x =
- 5/6

a-- fish:3

09 . If W is the subspace spanned by the orthogonal
vectors (2,5 ,

- t )
,
c-2,1 , D ,

find the point in W

closest to (1,2 , 3)

Let W -

- column space of A

A-- (I
,
Y ) b

-

- f! ) A -- QR

R -- QTA

RI -- Qtb p
-

- AI

" " is:÷i'
-

- EYE:/



B -- b - Cgib) 91

-
- III - o -

- fi
,
y

ou
-

-

C-

2¥17
-
- I?/§g )

a- at a -- t.LY: 7,4: "FINE
,
I]

-

-

r:O Ord

RI -- QTb

Ir: all :3 -

- EEE: : "Try ;]
1%9.3%3--149.7
( Boo : : 9k¥ ]

R ,
→ Bo R,
Rz -7 To Rz



Poof: :]
30K = 9 by =3

x -- 3/10 y = 42

i -- Ki:3

p
-

- Ai --

f!
,
7) lift ]

6/10 - I -215

= 115/10 c-1/2) = ( 2 )
- 3/10 -11/2 '15

010 . Find an orthonormal set q, ,qz, q, for
which q, Ee qz

span the column space of A

A--

ffzly
,
) b-- f; )

ca) which fundamental subspace contains qz ?

Cb? What is the least square solution of AI -- b if b --Ci ,2,7)



a.
-

- a -

- HII )
Az -- fly

,
) -
41343 -5331441.1¥

,
)

= 141 -
' '13-43 -

8131µg, )
-
- titlist. It2

qz= (

2,142)
= ( 743! )

ca) q,
is in left null space ; let qz

-

- Cx
, y ,z)

11%7%-7,311%1 :c:]
free

µ. ! to 's



z is free : let 2=1

- 3y= -6

y
-

-2 X -14 -2=0

X = -Z

Es
-
- C-232,17=17/33 )

(b) A --

¥4 )
b --

(4)
AI -- b

,
RI = Qtb

e- a-a -

- l 't: :p, -493ps ! )
-
- Po 's ]

a' -- 1¥: :p. If ;]
-

- III

RI -
- Qtb

Po -33153 :L-33

3y=6 ⇒ y
= 2 32L- 6=-3 ⇒ 32=3

x.=/
I -- L 's



OH . What multiple of a , = (2,2) should be subtracted from

az=C4 ,o) for the result to be orthogonal to 9 ,? Factor

A- QR with orthonormal vectors in Q
.

can do (az- ka ,) - a ,
-
- O

ai- f :] 9--14%1
vector it to a

-

a. =L :] 92--140 ] - CYR
'

KILI ] [
'

fry]
-

- 14oz - aryyrir.]
-

- 1401-131--1403 - Mai

-

- fzz]
.

'

. multiple = l

ou
-

- frat:] -

- f't

Q -

- lily; Iff.]
" EA -- HE. 1%11340]

-

- por.



④
T

(az- ka ,) a ,
-
- O

n

9,
y

c s say
u

> a,-Ka ,

T

( 1401 - 43 ] ) 131 -

- o

14.237
'
-

CEI
-

-o

214 -2K) - 4k = O

8 - 4k -Uk =D

8k = 8

k -
- I



EIGEN VALUES Eg EIGEN VECTORS

let A be any square matrix of order n
,
then all the

values of X (real or complex) which satisfy the equation
1 A -XII = 0 are called the eigenvalues of A

IA -XII -

- O ' characteristic equation

All the vectors '
x
'
that satisfy the equation Ax = Xx or

CA -XI )x -
- o are called the eigenvectors corresponding

to the eigenvalue X

Aa = Xx or CA -XI )x = 0

Note:

i . If A is a square matrix of order n ,
then there are

exactly n eigenvalues of A

eg : a -- f : i ] A - 'I -
- f 'T' I, ]

2×2

IA 1=4-772 - 1=0 ⇒ I- X = ± l

X = It l

X -- 0,2 → 2 Values

2. X is an eigenvalue of A iff A - XI is singular , or
IA -XII = O



If IAI is already 0
,
then 1=0 is always an eigenvalue

of A

3
. If A is invertible

,
i - e IAI to

,
2=0 is never an eigenvalue

of A

4 . (A - AI)x -- O ⇒ x E NC A -XI)

5- If Ax = Xx and X -- O
,
then Ax -- O and a E NCA)

PROPERTIES of EIGENVALUES a EIGENVECTORS

i. Given an eigenvector x of a matrix
, corresponding eigenvalue

X is unique

2 . Given an eigenvalue of a matrix
,
there are infinitely

many eigenvectors

3. The eigenvalues of a square matrix and its transpose are

equal

4. The eigenvalues of an idempotent matrix CA
'
-
- A = An ) are

either 0 or I

5- If X is an eigenvalue of A with x as the corresponding
eigen vector

,
then X

' is an eigenvalue of AZ with

the same eigen vector x

6 . The trace of a matrix is equal to the sum of its

eigenvalues (trace -- sum of principal diagonal entries )



7. The product of all eigenvalues of A is the determinant
of A

8 . The eigenvalues of a triangular / diagonal matrix are

the principal diagonal elements of the matrix

p:&:L
9 . If it is an eigenvalue of A and A is invertible

,
then Yx

is an eigenvalue of A
- I

10 . If A is an orthogonal matrix , then if X is an eigenvalue
of A

,
Yx is also an eigenvalue of A

II. Cayley- Hamilton theorem

Every square matrix A satisfies the characteristic equation

( A - XI 1=0

Procedure

step 1 : calculate IA -AIL ( polynomial in a of order n)

step 2 : Find roots of equation (eigenvalues)

Step 3 : For each value of x
,

solve the equation
(A -XI) x -

- O

Non - zero values of a → eigenvectors



912 . find the eigenvalues and eigenvectors of the matrix

A -

- (L
-

I ]
Verify that

is Trace = sum of eigenvalues

Cii) Determinant of A equals the product of eigenvalues

Ciii ) If we shift A to A -TI

ca, what are the eigenvalues of A -XI ?

(b) How are they related to those of A ?

Characteristic eq .

IA-XII -- O

l ¥1 -
- o

Cl- X) ( 4 - X) +2=0

4 -5×-1×2 t

2--0,12-5×-16=042 - (trace) X t det -- O
1=2 d =3



Eigenvectors :

ca) X = 2

(A -LI)x -- O

II Ill; I
-
- I:]

! Rz-7 Rz -12R ,

I
-

lo III; I =L:]

Let y
-

- k

-2 - k = O

K = -K

" -- f
-

E )
-

- Lk ft ] I k t R}

Cbs X =3

CA -3I) x = O

l 's' C; I
-

- I:]

f
-

z
-

I ]
R. -'mm

, f
-

z to ]



Let y .
- k

-2x - k =D

x = -42

I ;]
-

- f
-

Yy
-

- 142ft) )

x -- {e f-L ] I C ER}

cis Trace of A = sum of principal diagonals
A--

l④j④)
# eigenvaluesif

I-14 = 2+3 = 5

dis IAI = I Iz
-

I
,
/ = 4+2=6

product of t 's = 2×3=6

iii) A → A -7I

A- 'I -- [ 'I ¥ , ]
-

- f -g I;]
-
- B



(a) Eigenvalues of B

113-711--0

/ -6
-X -1
2 -3-+1=0

+ (6-1×713+7) + 2 = 0

✗2+9×+18-12=0

✗2+9×-120=0

(✗ +4)(4+5)=0

✗ = -4 ✗ = -5

(b) Xp,
= 2 taz = 3

dB ,
= -5 tpz = -4

✗
Al
- ABI = 2+5=7

✗
A2
- ✗
Bz
= 3+4=7

i. ✗
A
- XB = 7

i. if A → A + KI then 7k = Kt 7



013. Find the eigenvalues of the matrices A
,
A
'

,
A-' and At 4 I

given
a =L ?,

-

L )

cis IA -XII = 0

Hi's:/ -
- o

(2 - X)
'
- I = 0

2- X = I l

X -- 21=1

X
,
= 3

,
XE t

dis Property : x → A ⇒ I → A
'

X
,
= 9 Xz = I

verify : a
'
-

- [ I , I ] [I , I]
-

- (I
,
I ]

/ AZ -XI 1=0

I ¥1 -

- o

f -X)2=16
5 - X -

- I 4 ⇒ x = I
, 9



Ciii) Yi is eigenvalue of A"

X
,
= I 42=43

Civ ) x
,
-

- 5 12=7

014 . Write the 3 different 2×2 matrices for which eigenvalues
are 4,5 and IAI

-

- 20

( ca bd ) ad - be -

- 20

at D= 9

egt : L : I ]

egs : f : I ]

egs
: ( I f ]

015. Find the eigenvalues and eigenvectors for the given matrix

a--

f : : :L
IA - XI 1=0



i÷÷ ,
-

- 4-7135×2×1 - 21 : It '

Ii 'II

= (2-A)( (3-xx 2 -X)- 2) - 2 ( (2-X) - 1) + ( 2 - CS-X))

= (2- X) ( XZ -5×+6-2) - 2 ( t - x) t (x - l)

= (2 -x) ( X'- 5×-14) t 2x - 2 ta - I

= 2×2-10×+8 - X3+5×2 - 4×+3×-3

= →3+7×2 - l l X t 5=0

X
,
= 5 42=1 dz = I

d) X -- 5

( A - 5174=0

III. I.HEI -- I :3

iii. HEH:S
Rz-7 Rz tY3R ,

Rz → Rz -11/3 R,



I? .sn?sIs%1a-mstzrsf! ÷.
Let 2=6

-

Iz y + § k = O - 3k t 2K th -- O

y = k
k -- k

x -- { k f ! ] , k ER )
Lii) X -

- I

ti
'

: -ii.Hi : is :::÷:L : : :]
at 2K

,
t Kz = O

X = -2K , - K2

x -- { [2h41
"

) insurer }
x = { Kc (Y ) t ka f ! ) l k, ska ER}



016 . Find the eigenvalues and eigenvectors for the given matrix

"

t:-& !
A -- AT ⇒ IAI = 0 (product of X's -- o)

.

-

- X
,

-

- O

Eigenvalues

IA -XII = O

8 -X -6 2
- 6 7 -X - 4 = 0

2 - 4 3 - X

(8 -x) ( C -X) (3 -X)- 16) -16 ( - 613 - t ) + 8) +2 (24-124-73)=0

(S -X) ( XZ - lot -121 - 16) +6/-181-641-8) t 2124-12×-147=0

(s -d) ( X' - 10×+5) t 6 (64 - to ) t 2 ( 2x -110) = o

8×2 - 80×+40 - it 10×2-5×+364 - 60 t 4 X t 20 = O
-
- - - -

-

- 43 t 18×2-45×+0=0

+ (-42+18×-45)=0



-X ( AZ - 18×-1457=0

-X ( X - 15) (x -3) =D

4=0

X -- 3

X -- 15

Shortcut if IAI -- O

x

4,22-yr,
" 217¥- ha ,

'

key! -xzy ,
-
-
-

L
,
d c-
special sol.

when . -- III. Y; ÷ )
-

-HI
,
-11

d) 4=0

x y 2
7 7

24 - 14 -121-32 56 - 36

Yo , Lo ' Lo

x -- { k (by ] , k ER }



die =3

8-3 -6 2 5 -6 2

A-✗ 1=1-6 7-3 -4 / =/-6 4 -4 ]
2 -4 3-3 2 -4 0

✗
,

Y ,
Z

24-8 -12+20 20 -36

x

16
' § '

-1}

a. {4?;) Iker}
Ciii) ✗ = 15

8-15 -6 2

( -6 7-15 - y / =/ If
-6 2

-8 -4 ]
2 -4 3-15 2 -4 -12

✗ Y ,
Z

24+16
>

12-28 56-36

Fo ' ¥0 ' Lo

a- {at} / Iker}



Oh . Find the eigenvalues and eigenvectors for the given matrices

A= I - I 0

( ft f
,

-1

,
) IAI -- 2+0+0 - o - I -1=0

IA -XII -- O
-

f

I - X - I O

- I - I 2-X - I - I = O

- l l - X O - l l -X O - I

(t-x) (2-d) ( I-X) -1107+10 ) - CI-X) C-1) C-l ) - C-DC- 1) Cl- X) to = O

C- X) (i-3×+2) - Cl-X) - Cl -x) =

0×2-3×-12-43+3×2 -2x - Itt - I +X = O

-43-14×2 - 3×-10 = 0

-XCX
'
- 4×+37=0

-XCX - 3) ( X - t) =o

X
,
=3

Xz -- I

Eigenvectors
"3=0

in 4=3

CA -31) x -

- O



iii. ÷. sister

to Ill 's.tt :3

,

Rz→Rz- 42 R ,

IF IT""-291! II
let 2=k

-21g
- k -- O - 2x -12k =0

y
-
-

- 2K x -- k

x. fief! ) Iker }
di ) x -- I

i. ÷ .



III. ÷lr⇒%÷÷ ,
|-O ) c Rz-' Rs - R2

0

Let 2 -- K -K - K -
- O

-

y
-

- o x -- - k

y
-

- O

x -- {kf ) , KER }
iii) x -- o

⇐ III """":(II. 7) "→miry 's ! :o)
Let 2 -- k

y
- k -- o x - K -- O

y
-
- k n -

- k

x:{ul! ) Iker}



018
.
Find the eigenvalues and eigenvectors for the given matrices

" " -- I
'

;
's
.
? I

dis Az -

-

f!
,

I
,
I
,
)

" Ai -- f !
'

s

,

7
,
I la -XII -- O

l - X I 3

I 5 -X I = O

3 I e - X

C -X) (H - 6×-15 - t) - l ( I -X-3) +3C I - 3C5 - x )) = O

12-61+4 - is-1612 -41+2+1+3 - 9 (5-1)=0

- +3+7×2 tox - 36=0

X
,
= -

2×2=6
Xy

-

- 3

Eigenvectors



Ca) x = - 2

III. It ' Ed

Ki :3 ::::*:p .is:1
O O 0

Let 2 = k

y
-

- O 37C -13k = O

x = -K

x -- { left
,
] Ik ER }

(b) 4=6

ii. ÷ . !.tt
'

ii. Iii's:i:ii::i÷÷÷÷i.
1257123+2122

Let 2 = k v

-

sky + Ek
-
- o ( -his s}s)

O O

y
= 2k



-5k -12k +3k -- O

K -- k

x -- field
,
] 1k ER)

cc) X--3

CA - 3I)x = O

ii.
'

÷. I :*:*: :iii. too i.I

|! 512 ¥2) c

'23-3123 -Rz

Let 2 -- k

y =
-k -2x - k +3k = O

- 2x + 2K = O

X = k

x. faff ] , a er}



ein Az -

-

f!
,

to
,

÷
,
]

Eigenvalues / Az- x -4=0
"" AZ -

-

f! Yo ¥ )
I - X - l l

l - X O = O

- l l
- I -X

CI -x) ( -X C - I -t)) + I C - I -x) t l l l -x) -- o

( I - x) ( x tx) -1 -X th -X = O

X t XZ -j -43 - 2x = O

- ×3 - X = O

- X (Mtl) -
- O

X -- O X't I = O

X = Ii

Eigenvectors

i) X -- 0

Ax = 0 free

Iii 's ::::÷l : :



Letz-- k

y - k
-
- O x - ktk -- O

y -_ k k -- O

x -- ful ! ) IKER }
ii) x -- i

CA - II) x -- O

l
'

trill:H :L



RAYLEIGH 'S POWER METHOD

To find numerically largest / dominant eigenvalue and the

corresponding eigenvector of a given matrix

procedure
I . Start with the initial approximation

no -

- film a a

then

Ako = X
, 74

AX
,
= Xz Kz

A- Xz = 43×3
:
-

Repeat until kn - xn -i becomes negligible

( Xn = Xn - i)

019 . Calculate 5 iterations of the power method to

find the dominant eigenvalue of A .

Use xo -

- Cl , 0,0 ) as initial approximation



"

t: :

Ci ) Ako = X ,
K
,

let no-- f ! )

a.of
.

"

:
's
,
1%1=1.51 -

- xx .

numerically largest value -- 4 -

-t ,

Ano -- ④ 11%1 -- Xix ,
⇒ x

.

-
- f
.

H) Axis dzkz

II.
'

s

.
It ⇒ " s

Aai -- ⑤ ⇒ "2--1145,1



Liii) Axz = Xzxz 41-415+4/5

2815

II.
'

s

.
f- k:#stash's!

+5- = "3=1%4 ) -- fo!gz)
iv) Akg = X4X4

E 's
, "
t "II. f- Fatih!

Miff -- "
u
-

- ( Iqs , )
-

- l
- o
!
as
)

(V ) Axe
,
= Asks

ki 's
. l.i.it 'I¥:&.tt#.ii...1xs--4fIs--

as
-

- la!
,ua "
) -- II.g , ]

The largest eigenvalue is 6 and corresponding eigenvector
is a = C l

,
I
,
- l)



020
. Obtain the numerically smallest eigenvalue of A :[ as ;]starting with no

-

- ( f]

We know that if X is an eigenvalue of A
,
then Yi is

an eigenvalue of A
- I

i. smallest eigenvalue of A = reciprocal of largest eigenvalue
of A -l

" Las 's ] A-
'
'¥1.3. I' ]

-

- t.FI ]

d) A-
'
xo

-

- X
,
X

,

II. IN 'oI
-

- HI - stfu]
Xi -- 3 a

-

- f 's,, ]

Cii ) Atx , = Xzrxz

Is ;] ftp.T -
- fifty's ]

-

- Ff'asµ )

Xa-- Iz
-

- "
z
-
- [ stay]

-

- f - i .'m ]



iii ) A-
'

712=43×3

[ 3- III.attic, ]
-

- 1%6141=6*[-1%7]

Xs
-

- 6,41 = "3--1,10/6 , ) = [ - i.
"

ya ]
Civ) A-

'

Xz
= 114 " 4

( 3- ITE -n'%,]
-

- [734%7] ' fsitysz , ]

Xy = 4.79 "
4
-

- f - 1.4g )

i . smallest eigenvalue of A = ↳ = 0.208

verify :

A -- f } j ] IA - 0.21 It to

12¥ ¥, I = I-54-16-5 =

0×2-5×-11= O

'

X -
- 51=2251-4 5-zF4_ = 0.209



DIAGON ALI STATION of A MATRIX

•

suppose Ann has n linearly independent eigenvectors
(not a defective matrix order t independent vectors)

° If these eigenvectors are the columns of a matrix S
,

then S
- ' AS is a diagonal matrix n ( lambda)

° The eigenvalues of A are on the diagonal of n

° n is called the eigenvalue matrix and S is called

the eigenvector matrix

. S is not unique

. Any matrix with distinct eigenvalues can be

diagonal ised

Proof

Leta
, ,xz , . . .

>
an be the independent eigenvectors

of A corresponding to the eigenvalues x. , Xz , . . . ,Xn

let s -- fly . ly . - - ly )
As -

- af! ! - - - ly )



AS -- ( Ay! Ay
! - - - Alyn )

we know Ax ,
= Xx

,
as CA -d)x -

- O

" I ''f - - - t.nl

iii. iii. till :÷÷i÷÷s
AS = Sn s

- '
AS = A

Note :
all t → I

° A = SNS
- I

y
same x

° AZ -- ( Sns
-1) ( SAS

- t ) = sa's
-1

An -

- sins - I f n Ezt

• Ak -- Saks" → o as he → a if Itil C l



021 . Show that A -

-

flo is Oz )
is not diagonal isable

O O 3

Eigenvalues IA -XII -- O

l -X 3 O

O l -X 2 = O

O O 3 -X

C-X) ( X
'
- 4×+3) - 3 (O ) to = 0

( I - X) Cl-X) ( 3 -X) - O

X -- l X =3

-

'

. only 2 independent eigenvectors

(defective matrix)

022
.

Check if A --

f Ig Ig )
is diagonal isable . If yes , finds .



eigenvalues

- S - X -6 2

- 6 7 -X - 4 = 0

2 - 4 3-x

( 8- X )(( XZ- 10×+21) - 16) t 6 ( 6 (x- 37 -18 ) +2 (24+24-77)=0
- (Xt8) ( X'- tox -15) t 6 ( 6×-10) t 2 ( 2x -110) = o

- X3+101-51 -812-18-0×-40 -13-6×-60 +41 t 20=0

- 13+2×2+115 X - 80=0

X ,
= - 10

. 13

Xz = It - 44 } approx
Xz = 0.69

Eigenvectors

Ci ) X =
- IO - 13

"

E: on



https://www.emathhelp.net/calculators/linear-algebra/eigenvalue-and-eigenvector-calculator/?
i=%5B%5B-8%2C-6%2C2%5D%2C%5B-6%2C7%2C-4%5D%2C%5B2%2C-4%2C3%5D%5D

ii ) x -- l l . 44

"Ho. DI

Ciii ) x -- o-69

* Info; I }

s -- fig:O
.

Iigs III )

a-- f
-

woo
"

" In o! , ]
Eigenvectors from



Cayley- Hamilton theorem

Every square matrix A satisfies the characteristic equation

( A - XI 1=0

Replaced with A in polynomial , solve for A"

023. Find the matrix A whose eigenvalues are 265 and

eigenvectors are 4,0) and Cl
,
I) using Sns

- I

A-- S n g
- t

s -- If ;] a- Lao :]

'
'
'

-

Clo
-

i ]

a -- sns
- '

=L ; ; ][381lb
-

I ]

=L : :X :
-

is

a -

- Cao 3)



024 . Factor A = ( 2
, y y

into 5h51 and hence compute A
85

Eigenvalues

2 -X I = 0

I 2-X

X
'
- 4×+4 -

1=0×2
-4×+3=0

(X-3) (x- 17=0

X=3 X = I

Eigenvectors

is a=3

(A -31)x -- O

l? ↳UGH:]
-

- f ; ' f)
"""Ff - lo lo )

y
-

-K -K t k -- O

u =L

" { left, ] ,
k ER}



ii) x -- I

CA - I) x -- O

K' i. Ilyas :]

=L : i ]
"'m-9lb ;]

y
-

- k k -1,4 a
" {af ,

'

] ,
KER}

s -- fi, y ] n -- Goo, ]
s
'
-

- If ! , i ]

snst-zfi-ixzo.TK it

ASK.sn's- ' ' Il :
-

I ] 9) Eat ]

÷E: -

in . it
. :c 's:# 's:* ,



025. Find Sns
"
for given matrix A = ( L Ig )

(A -XI 1=0

I -X - 6 = 0

2 - 6 - X

(X -16) Cx - 1) t 12=0

+2+5×-6-112=0

It 5,1 t 6=0

(X -12 ) (it 3) = O

X = - Z X = - 3

Ci ) x = - 2

(A -XI) x -
- O

l 's' -7*11534 :]

( g :& )
"""-439

, [ so y

y = k

37C - 6k = O

K = 2K x= { k f} ) , k ER}



di ) x =-3
(A -XI) x -

- O

[ '53.7+31153--1 :]

f. 24 Ig )
"→ R . -HR. [ 40

y
-

- K 4 x - 6k --O

X =3zK

x -- { epa] , CER)

s -- Ca
, } ] n

-

- f
-

f ;]
s
"
-

- [3-23]

a-- Sns
"
-

- la, 3) ( if 5) (I -3 ]
-

- Eh III -3 ]
-

- III: '

II:3
-

- C 's I -- A



026
.
Let A =L !

,
I
,
] compute Ab

I -X l -
- O

- 2 4 -X

(X - 1) (x -4) t

2=0×2
-

5×+4-12=0×2
-5×-16=0

(X-3) (X-27=0

X =3 X
-

- 2

is X =3

(A - 3I) x = o

l ' I.su :3
-

- c :3

(I 1)
""m-riff

-2x t y
-
- O

x -- I
2

x
-

- { k f 's ] ,
k ER}



Cii) 4=2

E: i.all;II:]

[ If y )
R""-Gh f

-

f f )

- k
ty

-
- O

x -- y

" -- { K ft ) ,
k ER }

s -- CL ;] n -- Po g ] s
- '
=
- ' ft

-

i ]

" [ so quaggy
-

- Cao :3
nb -- Lodge )

shes' -- Chi, ][ so
'

gift's :]

=p.:3. Encinitas::. :÷:D



= f
- 601 665
- I 330 1394 )

on ingria: zeigeiniahuieasgdnan.es#gnvemaTsic:tssa.--l ! ! ! ]
Eigenvalues :

I -X l l
l l -X l

-

- O

l l l -x

(I-X) ( H-2xt l - t) - l ( I - X - I) t IC l - It x) = o

C-X) ( 12 - 2x) t X TX = O

- X3+2×2 tip-2X t2x = O

-X3+3×2=0

( x - 3) = O

X =O X =3

only 2 eigenvalues

.
: cannot be diagonal ised



028 . Find the characteristic equation and hence find the

inverse of A using Cayley -Hamilton Theory

a-- l ! ! I ]
I A-XI

1=0×3
- traceCA) X't (M

, ,
+ Mzztmzz) X - det CA)

-

- O

trace CA) = I -12-11=4

My = 2-6 = -4

M 22 = I - I =D

M33
= 2-12 = - IO

detCA) = I (2-6) - 3 ( 4-3) tl ( 8 -2)
= - 4 - 3-16
= - I

eq : 43-4×2 - 14×+1--0

= A
3
- 4 AZ - 14A 1- I = O

multiply by A
- t
on the right



A2-4A -141 + A-1--0

A-
I
= - AZ -14A -1141

a:C : : :* : ;] -1: : :15 22 13 )
I 2 I

a-1=1%-12--111+1! :S ! /+1140°
to -9 8104,0¢ ]

a-1=(16--7)
-6 - I 10

029 . A -_

µ 2 ? ]
5 0 3

eq : ✗3- trace (A) x2 + (Mutmzz-mz.rs/-detCA)

a:(
'a'a :*. ! ;]trace (A) = 1+21-3=6 5 0 3

My = 6-0=6

=[ 22,0
3 8

Mzz =3 -10 = -7 13

1,8g )Mzz = 2-9 = -7 20 5

Mil + Mzzt Mzz = -8



defCA) = l l G -O) - I (27-0)+2 ( o - lo)

= 6 -27 -20 = - 41

eg : A
'
- GAZ - SA -141 I -- O

multiply by A
- I to the right

A- 2 - 6A - SI t 41 A
- I
= O

A- ' = ( AZ - 6 A -8 I)

Eiti: 'm.ie: : :p
-

a .÷÷. I ÷. -¥1
030. Use CH Theorem to calculate A

-I

a-- l! ! II
eq : is - trace CA) x' t (MutMut Mzz) X - detCA)

o = is -7×2 t (9+6 to) X - ( I (9) - 213) -12 ( I -12))



o = X3 - 7×2 t 15X - 9

o -

- A
3
- 7A

2
t 15 A - 9 I

multiply by A
''
to the right

AZ - 7 A t 15 I - 9 A
- I
= 0

A
- I
=

Iq ( AZ
- 7 A t 15I)

" II ! Ill! II. I -

-H
.
E
.

-El

"
"
-

tf It. E. -II - ' l ! ! t 'T! ! :D
"

tff 's. I.
-

o
:D -

- fit:
-

¥;
-

Y! )


